Abstract The Gauss images of isoparametric hypersurfaces in the unit standard sphere provide compact minimal (thus monotone) Lagrangian submanifolds embedded in complex hyperquadrics. Recently we used the Floer homology and the lifted Floer homology for monotone Lagrangian submanifolds in order to study their Hamiltonian non-displaceability in our recent joint paper with Hiroshi Iriyeh, Hui Ma and Reiko Miyaoka. In this note we will explain the spectral sequences for the Floer homology and the lifted Floer homology of monotone Lagrangian submanifolds and their applications to the Gauss images of isoparametric hypersurfaces. They are the main technical part in our joint work. Moreover we will suggest some related open problems for further research.
Introduction
Let N n be an isoparametric hypersurface in the unit standard sphere S n+1 ⊂ R n+2 . By the structure theory of isoparametric hypersurfaces (see [16] ), N n is nothing but a hypersurface of constant principal curvatures and if we denote by g the distinct number of principal curvatures of N n and by m 1 , m 2 , · · · , m g their multiplicities, then we know m i = m i+2 (i mod g). Moreover, it is known that N n can be extended to a compact oriented hypersurface embedded in S n+1 .
We know that isoparametric hypersurfaces in S n+1 provide a nice class of Lagrangian submanifolds in the complex hyperquadric Q n (C). Note that a complex hyperquadric Q n (C) can be identified with a real Grassmann manifold Gr 2 (R n+2 ) of oriented 2-dimensional vector subspaces of R n+2 in the standard way:
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It is an irreducible compact Hermitian symmetric space of rank 2 for n ≥ 3. If n = 2, then Q 2 (C) ∼ = S 2 × S 2 , and if n = 1, then Q 1 (C) ∼ = CP 1 . We denote by ω std the standard Kähler form of Q n (C).
In general the Gauss map G of an oriented hypersurface N n immersed in the unit standard sphere S n+1 is defined by
Then we know that G : N n → (Q n (C), ω std ) is always a Lagrangian immersion.
Palmer ([23] ) gave a formula expressing the mean curvature form of G in terms of principal curvatures of N n in S n+1 and from this formula he observed that if N n has constant principal curvatures, then the Gauss map G : N n → (Q n (C), ω std ) is a minimal Lagrangian immersion. Note that the Gauss map is not necessary an embedding into Q n (C).
For each isoparametric hypersurface N n in S n+1 the image of the Gauss map, which is called the Gauss image G (N n ), has the following nice properties.
Theorem 1 ([12] , [14] , [21] ). Suppose that N n is a compact oriented isoparametric hypersurface embedded in S n+1 with g distinct principal curvatures and multiplicities (m 1 , m 2 ). Then the Gauss image G (N n ) has the following properties:
The Gauss image G (N n ) is orientable (resp. non-orientable) if and only if 2n/g is even (resp. odd).
It is a natural and interesting problem to study the properties of the Guass image of isoparametric hypersurfaces in S n+1 as Lagrangian submanifolds embedded in Q n (C) ( [23] , [12] , [13] , [14] , [15] ).
Recently in our recent joint paper with Hiroshi Iriyeh, Hui Ma and Reiko Miyaoka ( [11] ) in order to study their Hamiltonian non-displaceability we used the Floer homology and the lifted Floer homology for monotone Lagrangian submanifolds. In this note we will explain the construction of the Floer homology and the spectral sequences for monotone Lagrangian submanifolds, and also their lifted Floer homology (Floer, Y.-G. Oh, Biran, Damian), and their applications to the Gauss images of isoparametric hypersurfaces. They are the main technical part in our joint work. The ideas to use the spectral sequence and the lifted Floer homology in this case are due to H. Iriyeh ([9] ) . Moreover we will suggest some related open problems for further research.
Throughout this article any manifold is smooth and connected. 1] be a Hamiltonian isotopy of (M, ω) with ϕ 1 = ϕ and set
Choose an almost complex structure J on M compatible with
For a generic choice J, a neighborhood of each u ∈ M (x, y) is a smooth manifold of finite dimension equal to µ u (x, y) = the Maslov-Virerbo index of u. Let M (x, y) := M (x, y)/R be the moduli space of holomorphic strips joining from x to y modulo translations with respect to τ. Then note that for such a choice
as a symplectic vector bundle, which is unique up to the homotopy. This gives a smooth mapũ from
is known that any compact minimal Lagrangian submanifold in an Einstein-Kähler manifold of positive Einstein constant is monotone ([22]).
The compactness and compactification of 0-dimensional and 1-dimensional moduli spaces of holomorphic strips are due to Gromov, Floer, Y.-G. Oh. 
Theorem 2 (Compactness). Suppose that L is compact and monotone with
It implies that the 0-dimensional component of the moduli space L 0 (x, y) is compact and thus a finite set.
Theorem 3 (Compactification). Suppose that L is compact and monotone with
is a compact 1-dimensional smooth manifold whose boundary is
denote a free Z 2 -module over all intersection points of L and ϕ (L) where ϕ ∈ Haml(M, ω). By Theorem 2, since M 0 (x, y) is finite, we can define n(x, y) := ♯ L 0 (x, y) mod 2. Then the Floer boudary operator ∂ J is defined by
Assume that L is monotone with minimal Maslov number Σ L ≥ 2. Then we
where uv is a composition of u and v, we have
Thus the Floer boudary operator decreases the grading by 1:
Hence it induces a Z/Σ L -grading of the Floer homology as
The grading of the Floer homology of L is also preserved under any Hamiltonian diffeomorphism of (M, ω) (Floer, Y.-G. Oh [17] ).
3 Spectral sequence for Floer homology and lifted Floer homology
Consider a Morse-Smale function f on L and a particular Hamiltonian isotopy 
We follow the argument of [20] , For a sufficiently small t we can take a disk w :
Hence we obtain
Since we see that
, the Floer boudary operator ∂ J can be decomposed as 
where
where each τ ℓ : A * → A * −ℓΣ L is the multiplication by T −ℓ . Then we know that ∂ J :
is a chain complex. Moreover, as vector spaces over Z 2 , we obtain
and
Then we have an increasing filtration on C =
Then for each l ∈ Z we have the increasing filtration on
for each p ∈ Z, F p C has a grading 
is induced by the operator ∂ 1 . .
In particular, we have V p,q 
Floer homology and lifted Floer homology of Gauss images of isoparametric hypersurfaces
Suppose that
is the Guass image of an isoparametric hypersurface N n in S n+1 with g distinct principal curvatures and multiplicities (m 1 , m 2 ).
Since it follows from Theorem 1 (
, we get (3, 4, 4) , (3, 8, 8) . In the case when g = 1 or g = 2, since the Gauss image of isoparametric hypersurfaces are nothing but real forms of complex hyperquadrics, it is well-known that [10] ).
In the case when g = 3, that is, N n is a Cartan hypersurface, we proved
The Gauss images of Cartan hypersurfaces provide new examples of Lagrangian Z 2 -homology spheres embedded in compact Hermitian symmetric spaces. This result is quite essential for the proof of main theorem [11] in the case when g = 3. When g = 3 and m = m 1 = m 2 = 2, 4 or 8, by Lemma 1 we have ν = 1. By Lemma 2 the spectral sequence
since L is a Z 2 -homology sphere. Thus d 1 = 0. The spectral sequence becomes
and E p,q
Concerned with the lifted Floer homology to G : N → L = G (N), similarly using Damian's spectral sequence and the homological data of isoparametric hypersur-
Theorem 4 (IMMO [11] 
In particular, HF(L) ̸ = {0} and thus we see that for any
In the case when g = 4 or 6, we use homological data on isoparemetric hypersurfaces N n ( [16] ) and the spectral sequence for the lifted Floer homology HFL(L) applied to the covering map G :L = N → L = G (N) (Damian [3] ) in order to discuss the non-vanishing of the lifted Floer homology. Since the Floer homology is based on the Mores homology, it is quite natural to study the following problems: Problem 4. Determine explicitly the homology HF * (L; Z 2 ) of the Gauss images of isoparametric hypersurfaces in the case when g = 4 or g = 6.
Problem 5. Construct concretely the Morse homology of the Gauss images of isoparametric hypersurfaces in the case when g = 3, 4 or g = 6.
